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A NOTE ON DICKSON POLYNOMIALS OF THE THIRD KIND
AND LEGENDRE FUNCTIONS
NERANGA FERNANDO AND SOLOMON MANUKURE
Abstract. In this paper, we show that the Dickson polynomials of the third kind
satisfy a nonhomogeneous second order linear ordinary differential equation whose
general solution contains Legendre functions.
1. Introduction
Let n be a non-negative integer. It is well known that the two elementary symmetric
polynomials x1 + x2 and x1x2 form a Z-basis of the ring of symmetric polynomials in
Z[x1, x2]. In [5], it was shown that there exists a polynomial Dn(x, y) ∈ Z[x, y] such
that
xn1 + x
n
2 = Dn(x1 + x2, x1x2).
The explicit form of Dn(x, y) is given by the Waring’s formula [4, Theorem 1.1]
Dn(x, y) =
⌊n
2
⌋∑
i=0
n
n− i
(
n− i
i
)
(−y)ixn−2i.
The polynomial Dn(x, a) ∈ R[x] is the n-th Dickson polynomial of the first kind,
where R is a commutative ring with identity and a ∈ R is a parameter. In [4], it is
shown that the Dickson polynomials of the first kind, Dn(x, a), satisfy the homogeneous
second order ordinary differential equaion
(x2 − 4a)D′′n(x, a) + xD′n(x, a)− n2Dn(x, a) = 0.
The n-th Dickson polynomial of the second kind En(x, a) is defined by
En(x, a) =
⌊n
2
⌋∑
i=0
(
n− i
i
)
(−a)ixn−2i,
where a ∈ R is a parameter. In [4], it is also shown that the Dickson polynomials of
the second kind, En(x, a), satisfy the homogeneous second order ordinary differential
equaion
(x2 − 4a)E ′′n(x, a) + 3xE ′n(x, a)− n(n + 2)En(x, a) = 0.
Dickson polynomials have been widely studied over finite fields for their permutation
behaviour. Let Fq denote the finite field with q elements, where q is a prime power.
A permutation polynomial (PP) of Fq is a polynomial f ∈ Fq[x] such that the map-
ping x 7→ f(x) is a permutation of Fq. Permutation polynomials over finite fields have
2010 Mathematics Subject Classification. 34A30, 11T06.
Key words and phrases. Dickson polynomial, Differential equation, Associated Legendre function,
Hypergeometric function.
1
2 NERANGA FERNANDO AND SOLOMON MANUKURE
important applications in coding theory, cryptography, finite geometry, combinatorics
and computer science, among other fields. The reader may find an excellent presen-
tation of Dickson polynomials in [4]. Even though most studies on PPs have been
over finite fields, several authors have studied PPs over finite commutative rings. We
refer the reader to [3], [7] and references therein for further details on PPs over finite
commutative rings.
In [8], Stoll considered Dickson-type polynomials fn over R, which depend on two
real parameters a and B. The explicit expression for fn is given by
(1.1) fn(x) =
⌊n
2
⌋∑
i=0
n+ (B − 2)i
n− i
(
n− i
i
)
(−a)i xn−2i.
We point out that (1.1) had also appeared earlier in [2].
Again in [8], Stoll showed that the Dickson-type polynomials fn with a 6= 0, B ∈ R
satisfy the second order homogeneous ordinary differential equation (See [8, Lemma
17])
(1.2) (A4x
4 + aA2x
2 + a2A0)f
′′
n + (B3x
3 + aB1x)f
′
n − (C2x2 + aC0)fn = 0,
where A4, A2, A0, B3, B1, C2, C0 ∈ R.
For a ∈ Fq, the n-th Dickson polynomial of the (k + 1)-th kind Dn,k(x, a) as defined
by Wang and Yucas in [10] is
(1.3) Dn,k(x, a) =
⌊n
2
⌋∑
i=0
n− ki
n− i
(
n− i
i
)
(−a)ixn−2i.
Note that all the coefficients of Dn,k(x, a) are integers and Dn,k(x, a) also satisfies
(1.2) with A4, A2, A0, B3, B1, C2, C0 ∈ Z.
The associated Legendre equation [12] is given by
(x2 − 1) d
2u
dx2
+ 2x
du
dx
−
[
l(l + 1) +
m2
x2 − 1
]
u = 0,
where l and m are complex numbers. Its solutions are m-th derivatives of Legendre
polynomials, which are a system of complete and orthogonal polynomials, multiplied
by the adjustment factor (1−x2)m2 . These are the associated Legendre functions. The
complex numbers l and m are called the degree and order of the associated Legendre
functions, respectively. The Legendre polynomials are the associated Legendre func-
tions of order m = 0. We refer the reader to [1], [6], [9], and [12] for further details
about Legendre functions.
Dickson polynomials have connections with special functions such as Legendre func-
tions and hypergeometric functions. As stated previously, Dickson polynomials of the
first and second kind satisfy some linear differential equations. It is well known that
the solutions to these differential equations can be represented by Legendre functions.
So far, there has been no work on how Dickson polynomials of the (k + 1)-th kind
are related to Legendre functions. In this note, our main goal is to explore the rela-
tionship between the Dickson polynomials of the third kind and associated Legendre
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functions. It turns out that the Dickson polynomials of the third kind satisfy a non-
homogeneous second order linear ordinary differential equation whose solution contains
Legendre functions. First, we show that the particular solution to the resulting dif-
ferential equation involves the Dickson polynomials of the first kind and subsequently
show that the general solution to the associated homogeneous equation involves the
Associated Legendre functions which can be expressed in terms of the gamma function
and hypergeometric functions.
The paper is organized as follows. In Section 2, we show that the Dickson polynomials
of the third kind satisfy the non-homogeneous second-order linear ordinary differential
equation given in Lemma 1.1. In Section 3, we find its general solution by proving
Theorem 1.2.
By (1.3), the n-th Dickson polynomial of the third kind Dn,2(x, a) is given by
(1.4) Dn,2(x, a) =
⌊n
2
⌋∑
i=0
n− 2i
n− i
(
n− i
i
)
(−a)ixn−2i,
where a ∈ R.
Throughout the paper, we denote the n-th Dickson polynomial of the third kind
Dn,2(x, a) by Fn(x, a). Also, we assume that R = C.
Lemma 1.1. Let a 6= 0, x = u+ au−1 with u 6= 0 and u2 6= a. Then we have
(1.5) (x2 − 4a) F ′′n (x, a) + 3x F ′n(x, a)− n2 Fn(x, a) = 2n Dn(x, a),
where Dn(x, a) is the n-th Dickson polynomial of the first kind.
In Section 3, we solve (1.5) and prove the following theorem.
Theorem 1.2. Let Fc(x, a) and Fp(x, a) be the general solution to the associated ho-
mogeneous equation of (1.5) and the particular solution of (1.5), respectively. Then
Fc(x, a) =
1
4
√
x2 − 4a
[
AP
( 1
2
)√
n2+1− 1
2
( x
2
√
a
)
+BQ
( 1
2
)√
n2+1− 1
2
( x
2
√
a
)]
,
where A and B are constants, and P
( 1
2
)√
n2+1− 1
2
and Q
( 1
2
)√
n2+1− 1
2
are the associated Le-
gendre functions of the first and second kinds, respectively. Also,
Fp(x, a) =
n∑
k=0
bk x
k,
where


bk+2 = −
( n2 − k (k + 2)
4 a (k + 2) (k + 1)
)
bk, n is odd, k is even or n is even , k is odd,
bk+2 =
1
4 a (k + 2) (k + 1)
{
[k (k + 2)− n2] bk − 2n (coefficient ofxn−2i inDn(x, a))
}
,
otherwise,
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where i = n−k
2
and Dn(x, a) is the n-th Dickson polynomial of the first kind.
In particular, we have
Fn(x, a) = Fc(x, a) + Fp(x, a).
1.1. Definitions. The Dickson polynomial Dn(x, a) of the first kind of degree n in the
indeterminate x and with parameter a ∈ R is given as
Dn(x, a) =
⌊n
2
⌋∑
i=0
n
n− i
(
n− i
i
)
(−a)ixn−2i.
Here ⌊n
2
⌋ denotes the largest integer ≤ n/2. Let u1 and u2 be indeterminates. Then
Waring’s formula (see [4, Theorem 1.1]) yields
un1 + u
n
2 =
⌊n
2
⌋∑
i=0
n
n− i
(
n− i
i
)
(−u1u2)i(u1 + u2)n−2i
and thus
un1 + u
n
2 = Dn(u1 + u2, u1u2).
If we let u1 = u, u2 =
a
u
and x = u+ a
u
, then the functional equation of the Dickson
polynomial of the first kind is given by
(1.6) Dn(u+
a
u
, a) = un +
(a
u
)n
.
For a 6= 0, Let x = u + au−1 with u 6= 0 and u2 6= a. Then the functional equation
of the Dickson polynomial of the third kind, Fn(x, a), is given by
(1.7) Fn(x, a) = (u+
a
u
)
un −
(a
u
)n
u− a
u
,
see [10, Eq. 4.1].
For m a real number, the Leibniz rule for the product of two functions u(z) and v(z)
is given by
(1.8) Dmz uv =
∞∑
α=0
(
m
α
)
Dm−αz uD
α
z v,
where
(
m
α
)
=
Γ(m+ 1)
Γ(m− α + 1) Γ(α+ 1) .
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2. Proof of Lemma 1.1
From (1.7), we have
Fn(u+ au
−1, a)
(
u− a
u
)
= (u+
a
u
)
[
un −
(a
u
)n]
.
By differentiating both sides with respect to u, we get
F ′n(u+ au
−1, a)
(
u− a
u
) (
1− a
u2
)
+ Fn(u+ au
−1, a)
(
1 +
a
u2
)
=
(
u+
a
u
) [
nun−1 +
nan
un+1
]
+
[
un −
(a
u
)n] (
1− a
u2
)
.
Multiplying by u and differentiating both sides with respect to u again yields
F ′′n (u+ au
−1, a)
(
u− a
u
)2 (
1− a
u2
)
+ 2 F ′n(u+ au
−1, a)
(
u− a
u
) (
1 +
a
u2
)
+ F ′n(u+ au
−1, a)
(
u+
a
u
) (
1− a
u2
)
+ Fn(u+ au
−1, a)
(
1− a
u2
)
= n
(
u+
a
u
) [
nun−1 − na
n
un+1
]
+ n
[
un +
(a
u
)n] (
1− a
u2
)
+
[
un −
(a
u
)n] (
1 +
a
u2
)
+
(
u− a
u
) [
nun−1 +
nan
un+1
]
.
Multiplying by u gives
(
u− a
u
)3
F ′′n (u+ au
−1, a) + 3
[
u2 −
(a
u
)2]
F ′n(u+ au
−1, a)
+
(
u− a
u
)
Fn(u+ au
−1, a)
= (n2 + 1)
(
u− a
u
)
Fn(u+ au
−1, a) + 2n
(
u− a
u
) [
un +
(a
u
)n]
,
which simplifies to
(
u− a
u
)2
F ′′n (u+ au
−1, a) + 3
(
u+
a
u
)
F ′n(u+ au
−1, a)− n2 Fn(u+ au−1, a)
= 2n
[
un +
(a
u
)n]
.
(2.1)
Note that, Dn(x, a) = u
n +
(a
u
)n
, where Dn(x, a) is the n-th Dickson polynomial of
the first kind (See (1.6)). Also note that,
(
u− a
u
)2
= x2 − 4a.
From 2.1 we have,
(x2 − 4a) F ′′n (x, a) + 3x F ′n(x, a)− n2 Fn(x, a) = 2n Dn(x, a).
Remark 2.1. Let a 6= 0 and x = u + au−1 with u 6= 0. When u2 = a, the functional
equation of Fn(a, x) is given by
(2.2) Fn(x, a) = 2(±
√
a)n n;
6 NERANGA FERNANDO AND SOLOMON MANUKURE
see [10, Remark 2.4]. In this case, we have F ′n(x, a) = 0.
3. Proof of Theorem 1.2
In Section 2, we showed that Dickson polynomials of the third kind satisfy the second
order non-homogeneous differential equation
(3.1) (x2 − 4a) F ′′n (x, a) + 3x F ′n(x, a)− n2 Fn(x, a) = 2n Dn(x, a).
We first find the particular solution to (3.1), Fp(x, a).
Let Fp =
n∑
k=0
bk x
k be the trial solution of the particular solution to (3.1). Then we
have
F ′p =
n∑
k=1
k bk x
k−1 and F ′′p =
n∑
k=2
k(k − 1) bk xk−2.
Then
(x2 − 4a) F ′′n (x, a) + 3x F ′n(x, a)− n2 Fn(x, a)
= (x2 − 4a)
n∑
k=2
k(k − 1) bk xk−2 + 3x
n∑
k=1
k bk x
k−1 − n2
n∑
k=0
bk x
k
=
n−2∑
k=0
[k(k − 1) bk + 3 k bk − n2 bk − 4a(k + 2)(k + 1) bk+2] xk − bn−1xn−1 + 2nbnxn
(3.2)
Let bn+1 = bn+2 = 0. Now (3.2) can be written as
(x2 − 4a) F ′′n (x, a) + 3x F ′n(x, a)− n2 Fn(x, a)
=
n∑
k=0
[k(k − 1) bk + 3 k bk − n2 bk − 4a(k + 2)(k + 1) bk+2] xk
From (3.1) we have
n∑
k=0
[k(k − 1) bk + 3 k bk − n2 bk − 4a(k + 2)(k + 1) bk+2] xk
= 2n
⌊n
2
⌋∑
i=0
n
n− i
(
n− i
i
)
(−a)ixn−2i.
(3.3)
Consider the following cases.
(i) n is odd and k is even,
(ii) n is even and k is odd,
(iii) n is odd and k is odd, and
(iv) n is even and k is even.
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In cases (i) and (ii), by comparing the coefficients in (3.3) we have
k(k − 1) bk + 3 k bk − n2 bk − 4a(k + 2)(k + 1) bk+2 = 0
which implies
bk+2 = −
( n2 − k (k + 2)
4 a (k + 2) (k + 1)
)
bk.
Now consider cases (iii) and (iv). By comparing the coefficients in (3.3) we have
bk+2 =
1
4 a (k + 2) (k + 1)
{
[k (k + 2)− n2] bk − 2n (coefficient ofxn−2i inDn(x, a))
}
,
where i = n−k
2
.
Now let’s consider the associated homogeneous equation, i.e.
(3.4) (x2 − 4a) F ′′n (x, a) + 3x F ′n(x, a)− n2 Fn(x, a) = 0.
Denote Fn(x, a) by F (x) and let X =
x
2
√
a
. It then follows that
2
√
a
d
dX
[(
X2 − 1
) 3
2
F ′(2
√
aX)
]
− n2
(
X2 − 1
) 1
2
F (2
√
aX) = 0.
Letting P (X) = F (2
√
aX) gives
(3.5)
d
dX
[(
X2 − 1
) 3
2
P ′(X)
]
− n2
(
X2 − 1
) 1
2
P (X) = 0.
Now consider the Legendre equation:
(1− x2)P ′′l (x)− 2xP ′l (x) + l(l + 1)Pl(x) = 0
or equivalently
(3.6) (x2 − 1)P ′′l (x) + 2xP ′l (x)− l(l + 1)Pl(x) = 0,
where l ∈ R with l ≥ 0.
Differentiating m(∈ R) times using Leibniz rule (see (1.8)) gives the following.
Dmx [(x
2 − 1)P ′′l (x)] =
∞∑
α=0
Γ(m+ 1)
Γ(m− α + 1)Γ(α+ 1)D
α
x (x
2 − 1)Dm−αP ′′l (x)
= (x2 − 1)P (m+2)l (x) + 2mx P (m+1)l (x) +m(m− 1) P (m)l (x).
(3.7)
Similarly,
(3.8) Dmx [2xP
′
l (x)] = 2xP
(m+1)
l (x) + 2mP
(m)
l (x).
(3.6), (3.7), and (3.8) yield
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(3.9) (x2 − 1)P (m+2)l (x) + 2(m+ 1) x P (m+1)l (x)− (l −m)(l +m+ 1)P (m)l (x) = 0.
Now let y(x) = P
(m)
l . Then (3.9) becomes
(3.10) (x2 − 1)d
2y
dx2
+ 2(m+ 1) x
dy
dx
− (l −m)(l +m+ 1) y = 0.
By multiplying (3.10) by (x2 − 1)m, we get
(3.11)
d
dx
[(
x2 − 1
)m+1 dy
dx
]
− (l −m)(l +m+ 1)
(
x2 − 1
)m
y = 0.
Now let
(3.12) y(x) = (x2 − 1)−m2 u(x).
Then
dy
dx
= (x2 − 1)−m2 du
dx
−mx(x2 − 1)−m2 −1 u.
Thus (3.11) becomes
(
x2 − 1
)m
2
+1 d2u
dx2
+
(m
2
+ 1
)
(2x)
(
x2 − 1
)m
2 du
dx
−mx
(
x2 − 1
)m
2 du
dx
−m
(
x2 − 1
)m
2
u
−mx m
2
(2x)
(
x2 − 1)m2 −1 u− (l −m)(l +m+ 1)(x2 − 1)m2 u = 0.
Dividing by
(
x2 − 1
)m
2
, we obtain
(3.13) (x2 − 1) d
2u
dx2
+ 2x
du
dx
−
[
l(l + 1) +
m2
x2 − 1
]
u = 0,
which is the associated Legendre differential equation, with 0 ≤ m ≤ l. Its general
solution is given by (see [11, Ch. 5])
ug = c1 P
(m)
l (x) + c2Q
(m)
l (x),
where c1 and c2 are arbitrary constants, and P
(m)
l (x) and Q
(m)
l (x) are the associated
Legendre functions of the first and second kinds, respectively. Thus, according to (3.12)
yg(x) =
(
x2 − 1
)−m
2
ug(x)
is the general solution to (3.11).
Now consider the equation
(3.14)
d
dx
[(
x2 − 1
) 3
2 dy
dx
]
− n2
(
x2 − 1
) 1
2
y = 0.
This is in the form of (3.11) with m = 1
2
and (l −m)(l +m+ 1) = n2. Since l ∈ R
with l ≥ 0, we have l = √n2 + 1− 1
2
. Then the solution to (3.14) is
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y = (x2 − 1)− 14
[
c1 P
( 1
2
)√
n2+1− 1
2
(x) + c2Q
( 1
2
)√
n2+1− 1
2
(x)
]
.
So the solution to (3.5) is
P (X) = (X2 − 1)− 14
[
c1 P
( 1
2
)√
n2+1− 1
2
(X) + c2Q
( 1
2
)√
n2+1− 1
2
(X)
]
.
Since X =
x
2
√
a
and P (X) = F (2
√
aX), we have
F (x) = (x2 − 4a)− 14
[ c1
(4a)−
1
4
P
( 1
2
)√
n2+1− 1
2
( x
2
√
a
)
+
c2
(4a)−
1
4
Q
( 1
2
)√
n2+1− 1
2
( x
2
√
a
)]
.
If we denote the general solution to (3.4) by Fc(x, a), then we have
Fc(x, a) =
1
4
√
x2 − 4a
[
AP
( 1
2
)√
n2+1− 1
2
( x
2
√
a
)
+BQ
( 1
2
)√
n2+1− 1
2
( x
2
√
a
)]
where A and B are arbitrary constants. Hence the general solution to the differential
equation
(x2 − 4a) F ′′n (x, a) + 3x F ′n(x, a)− n2 Fn(x, a) = 2n Dn(x, a),
is
Fn(x, a) =
1
4
√
x2 − 4a
[
AP
( 1
2
)√
n2+1− 1
2
( x
2
√
a
)
+BQ
( 1
2
)√
n2+1− 1
2
( x
2
√
a
)]
+
n∑
k=0
bk x
k,(3.15)
where bk is determined as explained in Theorem 1.2.
In terms of hypergeometric functions, the Legendre functions can be written as (see
[11, Ch. 5])
P
( 1
2
)√
n2+1− 1
2
(z) =
1
Γ(1
2
)
[1 + z
1− z
] 1
4
2F1
(
−
√
n2 + 1 +
1
2
,
√
n2 + 1 +
1
2
;
1
2
;
1− z
2
)
,(3.16)
for | 1− z |< 2, and
Q
( 1
2
)√
n2+1− 1
2
(z)
=
√
pi
2
√
n2+1+ 1
2
i (z2 − 1) 14
z
√
n2+1+1
2F1
(√
n2 + 1 + 1
2
,
√
n2 + 1 + 2
2
;
√
n2 + 1 + 1;
1
z2
)
(3.17)
for | z |> 1,
where Γ denotes the gamma function and 2F1(a, b; c; z) is the hypergeometric function
defined by the power series
2F1(a, b; c; z) =
∞∑
n=0
(a)n (b)n
(c)n
zn
n!
,
for | z |< 1.
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Here (·)n denotes the rising factorial defined by
(a)n =
{
1 , n = 0
a(a+ 1) · · · (a + n− 1) , n > 0.
4. Concluding remarks
In this note we have shown that there is a relationship between Dickson polynomials
of the third kind and Legendre functions through the existence of a second order linear
differential equation. Currently we do not know if such a differential equation exists
for the Dickson polynomials of the (k + 1)-th kind. The nature of our computations
clearly indicates that finding such a differential equation, if it exists, may be an arduous
exercise.
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